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1. INTRODUCTION 
In the study of measures on infinite dimensional linear spaces, the 
Gaussian cylindrical measure plays the main role. This is caused by its plen- 
tiful characteristics. In particular, we are interested in the rotational 
invariance. In [5] the author has investigated rotationally invariant cylin- 
drical measures as a generalization of the Gaussian cylindrical measure. 
Here we treat rotationally invariant cylindrical measures in abstract Wiener 
spaces. The purpose of this note is to investigate the absolute continuity and 
the singularity among the extensions of rotationally invariant cylindrical 
measures. Using the result of Umemura [7], we can represent rotationally 
invariant cylindrical measures by Bore1 probability measures on [0, co). 
Therefore the above problems are remarkably simplified. 
2. PRELIMINARIES 
Let X be a real Banach space and S’(X) be the Bore1 u-algebra of X. By 
X* we denote the topological dual space of X. We use (., .) to denote the 
natural pairing between X and X*. Let { , ,..., <,, be a finite system of elements 
of X*. Then by Z we denote the mapping from X into R” such that 
E(x) = ((x7 <,),..., (x, 4,)) f or every x E X. A set C c X is called a cylindrical 
set if there are r , ,..., I&, E X* and D E .59(R”) such that C = E-‘(D). Let @ 
denote the set of all cylindrical sets. A map ~1 from 0 into [0, l] is called a 
cylindrical measure if it satisfies the following conditions: 
(1) PC(X)= 1; 
(2) restrict p to the u-algebra of cylindrical sets which are generated 
by a fixed finite system of functionals. Then each such restriction is coun- 
tably additive. 
Let H be a real separable Hilbert space with an inner product (., .) and 
the associated norm (.I= m Let F denote the partially ordered set of 
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finite dimensional orthogonal projections P of H (P > Q means PH 2 QH 
for P, Q E 3’-). 
DEFINITION 1. The Gaussian cylindrical measure with a parameter t 
(t > 0) on H is a cylindrical measure ,u satisfying the following condition: 
If C = (X E H: Px E D), then p(C) = (fit)-” j, exp(-lx)‘/ 
2t2) dx, where P EX, n = dim PH, D E .9(PH) and dx is the 
Lebesgue measure on PH. 
The Gaussian cylindrical measure of a parameter t is denoted by yI. In 
particular, y, is called the canonical Gaussian cylindrical measure. 
DEFINITION 2. Let ,u be a cylindrical measure on H. If cl(C) =p(u(C)) 
whenever C is a cylindrical set of H and u is a unitary operator of H, ,u is 
said to be rotationally invariant. 
Measure yc is rotationally invariant but not countably additive. 
DEFINITION 3. A seminorm I(. [( on H is said to be measurable if for 
every E > 0, there exists P, EST such that y,((xE H: llPxl/ > E)) <E 
whenever P 1 P, and P EST. 
If dim H = co, then 1.1 is not a measurable norm. 
DEFINITION 4. Let I(. I( be a measurable norm on H and E the 
completion of H with respect to 1). 1). i will denote the inclusion map of H 
into E. The triplet (i, H, E) is called an abstract Wiener space. 
It has been shown that the image measure i(yJ (i.e., yI 0 i-‘) has a unique 
countably additive extension to the Bore1 a-algebra of E, write jj[ (see [2]). 
Call jjf the (abstract) Wienei measure with a parameter t. Let ,u be a 
rotationally invariant cylindrical measure on H. In addition i(a) has a unique 
countably additive extension ,E to 9(E). Let us call analogously ,E the ,P 
Wiener measure. 
3. ABSOLUTE CONTINUITY OF ~WIENER MEASURES 
Let (i, H, E) be an abstract Wiener space, (1. (IE the norm on E and (a, s)~ 
be the natural pairing between E and E*. By the Riesz representation 
theorem we identify H* and H. Regarding x* E E* as an element of H” 
(3 H) by restriction, we can embed E* in H. Let {a,) be an orthonormal 
basis of H satisfying {a,,} c E*. Define a map 19 from E into R”O by 
e(x) = ((A a At. ,..., C-5 aA ,.-. I (3.1) 
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for x E E. Clearly, 8(H) = 12. Let B = 8(E). Define IIe(x)\l = JIx\(~, then (1. I/ 
is the norm on B. We denote by j the inclusion map of I’ into B. Then the 
triplet (j, lz, B) is also an abstract Wiener space. It is obvious that 0 is 
unitary from H onto 1’ and isometric from E onto B. 
In this section we shall consider the absolute continuity among ,u-Wiener 
measures on E. But it is sufficient to examine the absolute continuity among 
the image measures on B with respect to 8. Notice that the map 0 defines the 
bijective correspondence between the rotationally invariant cylindrical 
measures on H and I’, and also ,u-Wiener measures on E and B. Let 1 be a 
rotationally invariant cylindrical measure on 1’ such that ,4 = B(v), where v is 
a rotationally invariant cylindrical measure on H, then we have I= 0(V). In 
particular, A is the Gaussian cylindrical measure with t if and only if v is so. 
From now on we shall treat the abstract Wiener space (j, I’, B). We 
denote the unit vectors by 
thenth 
e, = (0 ,... 0, 1, 0 ,... }. 
Denote by (., .) and 1. ( the inner product and the associated norm on I’, and 
by (e, .) the natural pairing between B and B*. We denote by 7, the 
Gaussian cylindrical measure of a parameter t on 1’. As before, ,LI denotes the 
extension on B if ,U is a rotationally invariant cylindrical measure on [‘. For 
k = 1 ,..., n,.. . . let v&fx) = (fit)-’ exp(-x2/2t2) dx. Define the product 
measurev’inR”Cbyd=v,~...~v,~.... We can say that v’concentrates in 
B and is the same as 7,. 
We shall start with Lemma 1 which will be very useful for later purposes. 
A similar result has been obtained in the case of the Gaussian measures on a 
Hilbert space (cf. (6)). 
LEMMA 1. Let 
A,= 
I 
xEB: lim L ‘? (x,ek)‘=t’ 
n-02 n ky, I 
(3.2) 
for every t > 0. Then we have: 
(i) A,nA,,=Q iftzt’; 
(ii) U,.,A,EZS(B)for every TE S’([O, 00)); 
(iii) Y,(A,) = 1 for all t > 0. 
Proof. (i) and (ii) are trivial. We need another lemma for the proof of 
(iii). 
LEMMA 2. Let ( IJI, } be a sequence of functions defined on B as follows: 
W,(X)= 2 ((-~,ei)2-t2}, 
i=l 
(3.3) 
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where t > 0. Then, for any a > 0 
(3.4) 
Proof: Let X,&C) = 1 if w,(x) < a,..., ~/~-i(x) < a and wk(x) > a, 
xk(x) = 0, otherwise. For k < n - 1, 
i v,(x) Xk(X) Qk4 
= j Wn- L(X)Xk(X) 4jt(x). 
And so forth, we have 
j V,(X) ~~(4 4w = j ~~(4 ~~(-4 45(x) a a j Xk(X) w-4. 
This implies that 
(3.5) 
Let S, = (x E B: supkGn vk(x) >, a}. It is easy to see that Ci=, xk(x) is the 
characteristic function of the set S,. It follows from the above inequality 
(3.5) that 
where I,u:(x) = w,(x) if w,(x) > 0, w,‘(x) = 0, otherwise. Since the same 
argument is true for l--w,), we conclude inequality (3.4). 1 
Proof of (iii). By Lemma 2, we have 
R.I. CYLINDRICAL MEASURES II 521 
=a -I -t’}d~,(X)]“* 
"* =Q -I 
=a --I 
1 
n J ((x, e,)* - t*}* dj;t(x)]“2 < ~la-~n”~, 
where a is only depending on t. Hence, 
(j (x E B: sup Iwk(x)l > &2”} <a&-’ ? 2-“‘*, (3.6) 
ll=N k(2” r.JlN 
where E > 0. The right side of (3.6) tends to 0 if N + 00. Therefore we have 
fi ij (XEB: sup Ivk(x)( >&2”) 
NE, n=,v k<2” 
(3.7) 
Recall (3.2) and (3.3). We have A, = (x E B: lim,,,(l/n) v,(x) = 01. Thus 
(3.7) shows that j?JA,) = 1. m 
Now we present the next theorem which is due to Umemura and shows the 
important property of rotationally invariant cylindrical measures (cf. [ 1, 7 I). 
As a matter of convenience, we denote by y,, the Dirac measure concentrated 
on the origin. 
THEOREM 1. Let H be a real separable infinite dimensional Hilbert 
space, (i, H, E) be an abstract Wiener space, y, be the Gaussian cylindrical 
measure with a parameter t (t > 0) on H and u be a rotationally invariant 
cylindrical measure on H. Then there exists a Bore1 probability measure o,, 
on (0, 03) such that 
P(A) = iK 7,(A) do,(t) for every A E 9(E). (3.8) 
‘0 
Next we shall show a useful method for examining the absolute continuity 
among P-Wiener measures. 
Let us return to the case of the abstract Wiener space (j, l’, B). We write 
u < & if v is absolutely continuous with respect to A. 
THEOREM 2. Let u, ,uu, be two rotationally invariant cylindrical 
measures on I’, and o,, o2 be the induced Bore1 probability measwes on 
[0, 00) satisfying condition (3.8) relative to u,, p2, respectively. Then 
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Moreover, 




Let A,(t > 0) be as in (3.2) and A, = {O(E B)}. (3.2 *) 
Proof. Assume that ,u, <<,u2. We shall prove that o,(T) = 0 implies 
a,(T)=0 for rEg([O, co)). Let A,= (J,,,A,. Using Lemma 1, we have 
A, E 9(B) and Y,(A,) = lr(t), where l&) is the characteristic function of 
the set T. It follows that fli(A,) = jr Y,(A ,) do,(t) = a,(T) for i = 1, 2. Hence, 
the assumption P, < y, yields that u,(T) = 0 implies o,(T) = 0. 
Conversely, we assume that cr, < 02. Let D E g(B). If &u;(D) = 0, then 
7((D) = 0 for all t E [0, co) except for those t in some a,-null set. It follows 
from the assumption CJ, 4 c2 that (7 Y,(D) da,(t) =,E,(D) = 0. Thus we have 
,LI, 4 ,G2 and the proof of (3.9) is completed. 
It remains to prove (3.10). For any bounded B(B)-measurable function 4 
we have, setting (du,/du,)(t) =p(x) for x E A,, 
= 
J [j KY) @t(x) $0) du,(t) 1 2 
= j [ 1’ 4(x> P(X) d7tO ] do,(t) 
= 1 f&f) P(X) 472(x). 
Thus, (d&/47,)(x) = P(X). 1 
COROLLARY 1. Let ,u be a rotationally invariant cylindrical measure on 
1’ such that ,2 < &, then p = yI. 
Proof: Let 6, (t > 0) be the Dirac measure concentrated on {t), and 6, is 
the induced probability measure on [0, co) satisfying (3.8) with respect to yt. 
Thus (3.9) shows the consequence. 1 
Remet-k. Using the map B defined in (3.1), we can generalize the results 
obtained in this section for any abstract Wiener space. 
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4. FURTHER RESULTS 
Let p and v be two probability measures in a measurable space. Let A be a 
probability measure such that both ,K and v are absolutely continuous with 
respect to II. Define the Kakutani inner product of p and o as follows: 
It can be checked easily that K(,u, V) is independent of the choice of 1. We 
write P I v if ,u and v are singular and ,U w  v if p and v are equivalent (i.e., 
both p < v and v < ~0. The following properties for K(,u, v) are well-known 
results: 
O<KQt,v),< 1. (4.1 i) 
K@,v)= lop=\?, (4.1 ii) 
K(u,v)=Ooulil, (4.1 iii) 
u-~*Kfjt,v)>O. (4.1 iv) 
THEOREM 3. Let H be a real separable infinite dimensional Hilbert 
space and (i, H, E) be an abstract Wiener space. Let u,, ,uz be two 
rotationally invariant cylindrical measures on H and o,. oz be the induced 
Bore1 probability measures on [0, a~) satisjj$ng condition (3.8) relative to 
,u, , ,uz, respectively. Then we have 
W,, 13) = Wo, 7 02). (4.2) 
Proof. Let 1 =;(a, +a,) and ,U =f@, +pz); then A is the induced 
probability measure satisfying (3.8) with respect to ,u. Clearly. we have 
j = i@, +fi2). Let 0 and A, be as in (3.1) and (3.2*), respectively. Let us 
calculate K@, , j&). Set (da,/dA)(t)=p,(x) for .uE &‘(A,) and 
(du,/dI.)(t) = p*(x) for x E fV’(A,). Equation (3.10) yields that 
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COROLLARY 2. Under the hypotheses of Theorem 3 we have fi, I pz if 
and only fa, I a2. 
Proof. Equation (4.2) and (4.1 iii) immediately imply the desired 
consequence. I 
Let (i, H, E) be as in Theorem 3 and P be a rotationally invariant cylin- 
drical measure on H. For each x E E, define fi(x, A) =&A -x) for 
A E 9(E). As before, yI denotes the Gaussian cylindrical measure on H with 
parameter t. The following theorem is well known (cf. [3,4]): 
THEOREM 4. Y,(O, -) and jYt(x, .) are either equivalent or singular. They 
are equivalent if and only ifx E i(H). 
Theorems 2-4 induce Corollary 3. 
COROLLARY 3. Let pl, ,a2, and aI, a2 be as in Theorem 3. Assume that 
aI((O}) = a,((O/) = 0. For any x E i(H), we have: 
(i) ,u,(x, .) -&(O, a) if and only if a, - u2, and 
(ii) ,a,(~, -) I &(O, .) ifand only ifa, I u2. 
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